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Background

• Additive Model(Stone, 1986)
yi is a response and p-dimensional convariate vector xi = (xi1, ..., xip)

yi = µ+

p∑
j=1

fj(xij) + εi

• Functional analysis of variance (ANOVA) modeling

Yi = µ+
∑

1≤j≤p

fj(xij) +
∑

1≤j1≤j2

fj1,j2(xij1 , xij2) + ...+
∑

1≤j1≤...≤jK≤p

fj1,...,jK (xij1 , ..., xijK ) + εi
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Background

Problem of Increasing Dimensionality
Basic: φmjk (xjk ) m = 1, ..., p

fj1,...,jK (xij1 , ..., xijK ) =
∑

1≤m1≤...≤mK≤p

βm1,...,mK

K∏
k=1

φmk
jk

(xjk )

|{βm1,...,mK
}| = pK .
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Model Introduction

• Low Rank ANOVA modeling(Suppose we have 3 variables x1, x2, x3)

Yi = µ+
3∑

j=1

fj(xij) + f
(1,2)
1 (xi1)f

(1,2)
2 (xi2) + f

(1,3)
1 (xi1)f

(1,3)
3 (xi3) + f

(2,3)
2 (xi2)f

(2,3)
3 (xi3)

+ f
(1,2,3)
1 (xi1)f

(1,2,3)
2 (xi2)f

(1,2,3)
3 (xi3)

Dimensionality
φmjk (xjk ), m = 1, ..., p

3∏
k=1

f
(1,2,3)
k (xik) =

∑
1≤m1≤...≤mK≤p

3∏
k=1

βmk
φmk
jk

(xjk )

|{βmk
}| = p ∗ 3
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Model Introduction

• Penalty
• Total Variation: TV (f (m−1))

• Empirical Norm: ||f ||n =

√∑n
i=1 f

2(xi )
n

Truncated Power Basics:

φk(x) = xk , k = 1, 2, ...,m − 1, φk(x) = (z − t(j))
(m−1)
+ ,∀j = 1, ..., p −m + 1

Φj = (φ1j , ..., φpj) ∈ Rn×p, fj(xj) = Φjβj ∈ Rn. and

TV (f
(m−1)
j ) = ||Dβj ||1

and

||fj ||n =
1√
n
||Φjβj ||2
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Model Fitting

Y = µ+
3∑

j=1

(Φjβj) +
∑

1≤j1≤j2≤3

(Φj1β
(j1,j2)
j1

) ∗ (Φj2β
(j1,j2)
j2

) + (Φj1β
(1,2,3)
1 ) ∗ (Φj1β

(1,2,3)
2 ) ∗ (Φj1β

(1,2,3)
3 ) + εi

where Φj ,Φjk ∈ Rn×p. ∗ represent the Hadamard product


a1
a2
...
an

 ∗

b1
b2
...
bn

 =


a1b1
a2b2

...
anbn


Squared loss:

||Y − (µ+
3∑

j=1

(Φjβj) +
∑

1≤j1≤j2≤3

(Φj1β
(j1,j2)
j1

) ∗ (Φj2β
(j1,j2)
j2

) + (Φj1β
(1,2,3)
1 ) ∗ (Φj1β

(1,2,3)
2 ) ∗ (Φj1β

(1,2,3)
3 ))||2
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Model Fitting

With truncated power basic, if we fixed others paramters and try to update a specific

component , such as β
(12)
1 , then we are trying to solve the following subproblem.

1

2
||Residual −

(
Diag(Φβ

(1,2)
2 )Φ1

)
β||2 + ρ||Dβ||1 + λ

1√
n
||Φ1β||2 (1)

is convex w.r.t. β.

Initialization: β1, β2, ..., β
(123)
1 , ..., β

(123)
3

while Not converge do

1.Iteratively choosing a component β from{β1, β2, ..., β(123)1 , ..., β
(123)
3 }

2.Fixed other parameters except β, then minimize the objective function w.r.t. β by
solving problem that is similar as (1).

end
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Sub-problem Fitting Algorithms

Objective function:

1

2
||Y − Kx ||2 + ρ||Dx ||1 + λ||Mx ||2 (2)

Chambolle-Pock(2010)
G (x) + H(Lx) (3)

where x ∈ Rn and L ∈ Rm×n

Conjugated version:

G (x)+ < y , Lx > −H∗(y) (4)

where H∗(y) = minx < y , x > −H(x)
(x∗, y∗) is a mimizer of (3) iff (x∗, y∗) is a saddle point of (4).
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Sub-problem Fitting Algorithms

Initialization: x0 ∈ Rn, y0 ∈ Rn×m, t=0, τ, σ > 0
while Not converge do

1. xt+1 = proxτG (xt − τLT yt)
2.yt+1 = proxσH∗(yt + σ(2Lxt+1 − Lxt))
end

Algorithm 1: Chambolle-Pock

where proximal operator: ProxσF (x) = argmina F (a) + 1
2σ ||a− x ||2.

Let L =

(
K
M

)
∈ R2m×n and G (x) = ρ||Dx ||1, H(Lx) = 1

2 ||Y − Kx ||2 + λ||Mx ||2.

1. xt+1 = argminx
1
2τ ||x − (xt − τLT yt)||2 + ρ||Dx ||1

2. yt+1 =

(
−Y

1+1/σ + 1/σy1t
1+1/σ

Proj(y2t , λ)

)
Where Proj(x , λ) means project x on spherical B(0, λ).
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Preliminary Numerical Result

Yi = µ+
3∑

j=1

fj(xij) +
∑

1≤j1≤j2≤3

f
(j1,j2)
j1

(xij1)f
(j1,j2)
j2

(xij2) + εi (5)

Sample size n = 500.
The true functional components: Truncated Power Basic; Knots=3 or 4, m=2.
Probability for parameters is set as zero: 0.2
Noise Level: SD[Y]*0.05

Model 1:

yi = µ+
3∑

j=1

(Φijβj) +
∑

1≤j1≤j2≤3

(Φij1β
(j1,j2)
j1

) ∗ (Φij2β
(j1,j2)
j2

) + εi

With total variation of the m-1 order derivation penalty.
Model 2:

yi = µ+
3∑

j=1

(Φijβj) +
∑

1≤j1≤j2≤3

Φi,(j1,j2)β(j1,j2) + εi

where Φi,(j1,j2) ∈ R1×p2

. With lasso penalty.
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Preliminary Numerical Result

Estimate Error:
∑3

j=1 ||βj − βtruej ||2 +
∑

1≤j1,j2≤3 ||β(j1,j2) − βtrue(j1,j2)
||2

where βtrue(j1,j2)
= β

(j1,j2)true
j1

� β(j1,j2)truej2
∈ Rp×p

And β(j1,j2) = β
(j1,j2)
j1

� β(j1,j2)j2
∈ Rp×p for low rank model.

Error:Mean(SD) 3 knots 4 knots

Low rank model(Repeat 10 times) 0.761(0.409) 22.277(4.513)

Full Model 0.978 43.256

Table: Estimate Error comparison
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Preliminary Numerical Result

Number of Knots = 4, Estimate Error is around the medium in the 10 times repetition.

(a) True Com-
ponents

(b) Output
Component(Low
rank)

Figure: Comparison of Functional Components
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(a) x1 and x2

(b) x1 and x3

(c) x2 and x3

Figure: Compare of Interaction effect(From right to left: True, Low rank output, Full model output)
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Future Work

• Improve the fitting algorithm

• Theoretical analysis of the model

• Extended from Rank-1 to Rank-R f1(x1)f2(x2)⇒
∑R

r=1 f
r
1 (x1)f r2 (x2)
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